arXiv:hep-lat/9808054vl 29 Aug 1998 


Monopoles and Gluon Fields in QCD 
in the Maximally Abelian Gauge 


Hiroko Ichie ^ 

Department of Physies, Tokyo Institute of Teehnology 
Ohokayama 2-12-1, Meguro, Tokyo 152-8551, Japan 

Hideo Suganuma^ 

Research Center for Nuclear Physics (RCNP), Osaka University 
Mihogaoka 10-1, Ibaraki, Osaka 567-0047, Japan 


Abstract 

We study monopoles and gluon fields in QCD in the maximally abelian (MA) gauge 
in the context of the dual superconductor picture for confinement. In the abelian 
gauge, unit-charge magnetic monopoles appear, but multi-charge monopoles do 
not in general cases. The appearance of the monopole is studied using the gauge- 
connection formalism in relation to the SU(Ac) singular gauge transformation. The 
relevant role of off-diagonal gluons is found for the appearance of monopoles in the 
abelian gauge in QCD. We study the gluon-field properties around the monopole in 
the MA gauge in terms of the action density using the lattice QCD. The monopole 
provides infinitely large field fluctuations in the abelian sector. In the MA gauge, 
off-diagonal gluons are strongly suppressed but largely remain around the monopole, 
which indicates the effective size and the structure of monopoles. We hnd the large 
cancellation between the abelian part and the off-diagonal part of the action density 
around the monopole in the MA gauge. Owing to this cancellation, the monopole 
can appear in QCD without large cost of the QCD action. Finally, we generalize the 
framework of the abelian projection, i.e. the extraction of the abelian gauge man¬ 
ifold from QCD, by introducing the ‘gluonic Higgs field’ defined from 

the SU(Ac) covariant derivative D^. By way of the maximally abelian 

projection can be performed in the gauge-covariant manner without the notion of 
gauge fixing in principle. 
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1 Monopoles and Confinement in QCD 


In the classical and quantum field theories [1,2], there occasionally appears 
the topological object as the interesting collective degrees of freedom, reflect¬ 
ing the nontrivial topology of the fiber-bandle. For instance, the Abrikosov 
vortex [3] is experimentally observed in the type-II superconductor, and the 
instanton [4,5] in the Euclidean Yang-Mills theory is observed in the lattice 
QCD simulation using the cooling method[6,7]. The magnetic monopole [8,9] 
is also the interesting topological object predicted in the grand unified theory 
(GUT). Here, the magnetic monopole was firstly introduced by Dirac more 
than 50 years ago from the consideration of the duality of the Maxwell equa¬ 
tion, and the Dirac monopole [10] can naturally explain the electric-charge 
quantization. However, the Dirac monopole cannot be an extended object so 
as to make the Dirac string invisible, and such a point-like monopole is not al¬ 
lowed in QED, because it provides the divergence of the QED action. In 1974, 
however, the magnetic monopole was well formulated as the’t Hooft-Polyakov 
monopole[8,9], which is the topological object in the nonabelian Higgs theory 
with the compact and at most semi-simple group. 

Also in the N = 2 supersymmetric (SUSY) QCD, the soliton-like monopole 
is recognized as an essential degrees of freedom in the strong-coupling region, 
and its condensation in the infrared region provides the dual-superconductor 
picture for confinement in SUSY-QCD[11]. As for QCD, however, it seems 
difficult to introduce the (color-)magnetic monopole because of the absence of 
the Higgs field. Nevertheless, the introduction of the monopole degrees of free¬ 
dom is desired for the physical interpretation of the confinement phenomena 
in QCD. 

In 1970’s, Nambu, ’t Hooft and Mandelstam proposed an interesting idea of 
the electric confinement by magnetic-monopole condensation, and tried the 
physical interpretation of quark confinement using the dual version of the 
superconductivity[12-14]. In the ordinary superconductor. Cooper-pair con¬ 
densation leads to the Meissner effect, and the magnetic fiux is excluded or 
squeezed like a quasi-one-dimensional tube as the Abrikosov vortex. On the 
other hand, from the Regge trajectory of hadrons and the lattice QCD [15], 
the confinement force between the color-electric charge is characterized by the 
universal physical quantity of the string tension a ~ IGeV/fm, and is brought 
by one-dimensional squeezing of the color-electric fiux [16] in the QCD vac¬ 
uum. Hence, from the above similarity on the one-dimensional fiux squeezing, 
the QCD vacuum was regarded as the dual version of the superconductor. In 
this dual-superconductor picture for the QCD vacuum, the squeezing of the 
color-electric fiux between quarks is realized by the dual Meissner effect as the 
result of condensation of color-magnetic monopoles. However, there are two 
large gaps between QCD and the dual superconductor picture. 
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(1) This picture is based on the abelian gauge theory subject to the Maxwell- 
type equations, where electro-magnetic duality is manifest, while QCD is 
a nonabelian gauge theory, described with the electric variables (quarks 
and gluons). 

(2) The dual-superconductor scenario requires condensation of magnetic 
monopoles as key concept, while QCD does not have such a monopole as 
the elementary degrees of freedom. 

As the connection between QCD and the dual superconductor scenario, ’t Hooft 
proposed concept of the abelian gauge £xing[17], the partial gauge fixing which 
is dehned by diagonalizing a suitable gauge-dependent variable as 0[A^(a;)]. 
The abelian gauge fixing reduces QCD into an abelian gauge theory, where 
the off-diagonal element of the gluon held behaves as a charged matter held. 
As a remarkable fact in the abelian gauge, color-magnetic monopoles ap¬ 
pear as topological objects corresponding to the nontrivial homotopy group 
n 2 (SU(Ac)/U(l)^‘'~^) = Here, assuming abelian dominance [18], which 

means that the only abelian gauge fields with monopoles would be essential for 
the description of the nonperturbative QCD, the off-diagonal gluon elements 
are dropped off, which is called the abelian projection. Thus, by the abelian 
gauge fixing and the abelian projection, QCD is reduced into abelian projected 
QCD (AP-QCD), which is an abelian gauge theory including monopoles. If the 
monopole condenses, the scenario of color confinement by the dual Meissner 
effect would be a realistic picture for conhnement in QCD [19-27]. 

Recent lattice QCD simulations show strong evidence on this dual Higgs theory 
for the nonperturbative QCD in the maximally abelian (MA) gauge[28,29]. 
The MA gauge is the abelian gauge where the off-diagonal gluon is minimized 
by the gauge transformation. In the MA gauge, the physical information of 
the gauge configuration is concentrated into the diagonal components as well 
as possible. The lattice QCD studies indicate abelian dominance [18,30,31] 
that the string tension[32-34] and the chiral condensate [35,36] are almost 
described only by abelian variables in the MA gauge [37,38]. In the lattice 
QCD, monopole dominance is also observed such that only the monopole part 
in the abelian variable contributes to the nonperturbative QCD in the MA 
gauge [34,35]. Thus, the lattice QCD studies also suggest the dominant role 
of abelian variables and monopoles for the nonperturbative QCD in the MA 
gauge. 

In the MA gauge, AP-QCD neglecting the off-diagonal gluon component al¬ 
most reproduces the essence of the nonperturbative QCD, although AP-QCD 
is an abelian gauge theory like QED. One may speculate that the strong- 
coupling nature leads to the similarity between AP-QCD and QCD, because 
the gauge coupling e in AP-QCD [27] is the same as that in QCD in the lattice 
simulation. However, the strong-coupling nature would not be enough to ex¬ 
plain the nonperturbative feature, because, if monopoles are eliminated from 


3 



AP-QCD, nonperturbative features are lost in the remaining system called as 
the photon part, although the gauge coupling e is the same as that in QCD. 

For further understanding, we compare the theoretical structure of QCD, AP- 
QCD and QED in terms of the gauge symmetry and the relevant degrees 
of freedom, as shown in Fig.l. As for the interaction, the linear conhnement 
potential arises both in QCD and both in AP-QCD, while only the Coulomb 
potential appears in QED. On the symmetry, QCD has nonabelian gauge 
symmetry, while both AP-QCD and QED have abelian gauge symmetry. The 
obvious difference between QCD and QED is existence of off-diagonal gluons. 
On the other hand, the difference between AP-QCD and QED is existence of 
the monopole, since the magnetic monopole does not exist in QED because 
of the Bianchi identity. This indicates the close relation between monopoles 
and off-diagonal gluons. In particular, off-diagonal gluon components play a 
crucial role for existence of the monopole in QCD as shown below, and the 
monopole itself is expected to play an alternative role of off-diagonal gluons 
for the conhnement. 

Here, we consider what is the QCD-monopole in comparison with the Cooper 
pair in the superconductivity. In the held theoretical aspect, the essence of the 
superconductivity is understood as the ordinary Higgs mechanism by Cooper- 
pair condensation, although the underlying electron-phonon interaction plays 
relevant role for the creation of the Cooper pair. The composite Cooper-pair 
held plays the role of the Higgs held and is the essential degrees of freedom 
for the superconductivity. Similarly, the monopole held to be condensed in 
the nonperturbative QCD vacuum can be regarded as a kind of composite 
or collective degrees of freedom relevant for the nonperturbative phenomena 
in QCD, since QCD includes quarks and gluons as the elementary held only. 
Diherent from the simple compositicy of the Cooper pair, the QCD-monopole 
appears as a topological object relating to the singularity of the gauge held 
in the abelian gauge, and would be described as a complicated held composed 
by gluons. Then, the feature of the structure of the monopole in QCD is to 
be clarihed using the held-theoretical framework including the lattice QCD. 

In this paper, we study the properties of the monopole appearing in QCD 
in the MA gauge in terms of the gluon held around it both in the analytical 
framework and in the lattice QCD. In section 2, we study the general argument 
of the abelian gauge hxing considering the global Weyl transformation. In the 
abelian gauge, the monopole appears from the hedgehog conhguration of the 
gluonic Higgs held through the SU(A"c) singular gauge transformation. We 
clarify the appearance of monopoles in terms of the gauge connection with 
respect to the singularity of the SU(Ac) gauge transformation. We extract 
the abelian gauge held and the monopole current in the lattice formalism. 
In section 3, we study the MA gauge hxing in detail in terms of the abelian 
projection rate, and propose the transparent dehnition of the MA gauge using 
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the covariant derivative. The generalization of the MA gauge is also attempted. 
In section 4, we examine the gluon properties around the monopoles in the MA 
gauge using the lattice QCD simulation, with considering the role of the off- 
diagonal gluons. In section 5, we introduce the ‘gluonic Higgs held’ extracted 
from the SU(A'"c) gauge connection and formulate the abelian projection 
in the gauge-covariant manner without explicit use of gauge hxing. Section 6 
is devoted to summary and concluding remarks. 


2 Appearance of Monopoles in the Abelian Gauge 


2.1 Abelian Gauge Fixing and Residual Symmetries 


The dual superconductor picture for conhnement phenomena is based on the 
abelian gauge theory including monopoles, and the ’t Hooft abelian gauge 
hxing[17] is key concept for the connection from QCD to such an abelian 
gauge theory. In this section, we study the abelian gauge hxing considering 
the role of the global Weyl symmetry and show the appearance of monopoles 
in the singular SU(Ac) gauge transformation. 

The abelian gauge hxing is the partial gauge hxing which remains the abelian 
gauge symmetry, and is realized by the diagonalization of an SU(Ac) gauge- 
dependent variable as 0[A^(a;)] = G su{Nc) using the SU(Ac) gauge 

transformation. In the abelian gauge, 0[A^(a;)] plays the similar role of the 
Higgs held [39] in the determination of the gauge hxing, and then we call 
0[A^(a;)] as the ‘gluonic Higgs held’. 

Without loss of generality, we consider the case of the hermite variable (j)[A^{xy\ 
which obeys the adjoint gauge transformation. Then, 0(a;) is transformed as 


(j){x) = 0“(a;)T“ —> (tf’‘{x) = f2(a;)0(a;)f2^(a;) (1) 

= diag(A^(a;), • • •, A'^“(a;)) = H ■ \{x) 

using a suitable SU(Ac) gauge function f2(a;) = exp{i,^“(a;)T“} e SU(Ac). 
Here, each diagonal component A*(a;) (f=l,- • •, Nc) is to be real for the hermite 
variable 0[A^(a;)]. The space-time point x satisfying A*(a;) = A-^(a;) is called as 
the ‘degeneracy point’ and rehects the singular structure of 0(a;). Particularly 
for the SU(2) case, one hnds 


^ (f{x) = VtcpG) = A(a;)y 


( 2 ) 
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with X{x) = ±{0^(a;)^+ 0^(a;)^+ In the abelian gauge, the SU(iVc) 

gauge symmetry is reduced into the gauge symmetry, which cor¬ 

responds to the gauge-hxing ambiguity. The variable (^{x) is diagonalized to 
H ■ \{x) also by the gauge function r2‘^(a;) = uj{x)fl{x) with uj{x) = G 

(j){x) {x)(j){x)Vt^\x) = uj{x)H ■ \{x)uj\x) = H ■ X{x), (3) 

and therefore abelian gauge symmetry remains in the abelian gauge. 

Hence, the diagonal and off-diagonal gluon components play the different role 
in the abelian gauge; the diagonal gluon remains to be the abelian gauge 
held, while the off-diagonal gluon behaves as the charged matter like hh^ in 
the Standard Model. In the continuum theory, the abelian projection, the 
extraction of the abelian gauge manifold, is dehned by the simple replacement 
as 


= e su{N,) ^A^ = tT{A^H)-Heu{lf^-^ (4) 

after the abelian gauge hxing. 

In the abelian gauge, there also remains the global Weyl symmetry as a ‘relic’ 
of the nonabelian theory [30,40,41]. The Weyl symmetry is the permutation 
group Pjv^ corresponding to the permutation of the W bases in the fundamen¬ 
tal representation. For the SU(2) case, the Weyl transformation is expressed 
as the constant oh-diagonal SU(2) matrix 


/ 0 \ 

= 0 ) C SU(2) 

with q; G R hxed. In the abelian gauge, the variable 4>{x) is also diagonalized 
by using (x) = WVL{x), 


3 3 

(j){x) {x)(j){x)il^'^(x) = IFA(a;)^IF^ = —X{x)^. (6) 

Here, the sign of X{x), or the order of the diagonal component A*(a;), is globally 
changed by the Weyl transformation. It is noted that the sign of the U(l )3 
gauge held is also globally changed under the Weyl transformation. 




. 4 ?' = WAl^W' = -Al^ = -A^. 
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Therefore, all the sign of the abelian field strength as {d A A)^u, electric 
and magnetic charges are also globally changed: 


k — T 

^ 'J Oi^ 


At = = 






w ^ 
.w 


3 fii 


uw _ _u 


( 8 ) 


In the abelian gauge, the absolute sign of the electric and the magnetic charges 
is settled, only when the Weyl symmetry is hxed by the additional condition. 
When (j)[Afj,{x)] obeys the simple adjoint gauge transformation like the non- 
abelian Higgs held, the global Weyl symmetry can be easily hxed by imposing 
the additional gauge-hxing condition as A(a;) > 0 for SU(2), or the ordering 
condition of the diagonal components A*(a;) in FT ■ A as A^(a;) > .. > X^‘^{x) for 
the SU(iVc) case. As for the appearance of monopoles in the abelian gauge, 
the global Weyl symmetry is not relevant, because the nontriviality of 
the homotopy group is not ahected by the global Weyl symmetry. However, 
the dehnition of the magnetic monopole charge, which is expressed by the 
nontrivial dual root of SU(Ac)duai [18], is globally changed by the Weyl trans¬ 
formation. 


2.2 Monopoles and the Hedgehog Configuration of Gluonic Higgs Field 


The abelian gauge hxing, which reduces QCD into an abelian gauge theory, is 
realized by the diagonalization of a gluonic Higgs held (j)[A^{xy\. In the con¬ 
tinuum theory of QCD, the continuous held A^{x) can be taken to be regular 
everywhere in a suitable gauge as the Landau gauge, and then (l)[A^[x)] is 
expected to be a regular function almost everywhere. In the abelian gauge, 
however, there appears the singular point, where the gauge function to diago¬ 
nalize 0[A^(a;)] is not uniquely determined even for the oh-diagonal part, and 
such a singular point leads to the appearance of the monopole. Here, let us con¬ 
sider the appearance of QCD-monopoles in the abelian gauge in terms of the 
singularity in the gauge transformation[20]. For the gluonic Higgs held 0(a;) 
obeying the adjoint transformation, the monopole appears at the ‘degeneracy 
point’ of the diagonal elements of H ■ \{x) = diag{\^{x), X‘^{x), • • •, A^‘'(a;)) 
after the abelian gauge hxing: (i, j)-nionopole appears at the point satisfying 
A*(a;) = A-^(a;). For the (i, j)-monopole, the SU(2) subspace relating to i and 
j is enough to consider, so that the essential feature of the monopole can be 
understood in the SU(2) case without loss of generality. Then, we consider 
the SU(2) case for simplicity. For the SU(2) case, the diagonalized element of 
(l){x) are given by A = ±(0? -f 02 + hence the ‘degeneracy point’ 

satishes the condition fi^x) = 0, which is SU(2) gauge invariant. This gauge- 
invariant condition 4>{x) = 0 can be regarded as the singularity condition 
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on (f){x) = (f){x)/\(f){x)\ with \(f){x)\ = {(ff{x)(f)'^{x)Y^‘^. In fact, the ‘degeneracy 
point’ in the abelian gauge appears as the singular point of 0(a;) like the center 
of the hedgehog conhguration as shown in Fig.2(b) before the abelian gauge 
hxing. 

Since the singular point on ^(a;) is to satisfy three conditions (Y{x) = (^{x) = 
(Y{x) = 0 simultaneously, the set of the singular point forms the point-like 
manifold in or the line-like manifold in R^. We investigate the topological 
nature near the singular point (xo,f) of 0(a;) for hxed t, i.e., 0(xo,t) = 0[20]. 
Using the Taylor expansion, one hnds 


0(x, t) = 0“(x, t)y ~ r“C'“^(x - xo)^ (9) 

with = |(9^0“(xo,t). In the general case, one can expect detU Y 0) i-®-) 
detC* > 0 or detC* < 0, and the hber-bandle ^“(x) can be deformed into 
the (anti-)hedgehog conhguration 0(x) ~ ±r“x“ around the singular point 
xq by using the continuous modihcation on the spatial coordinate x“ — 
x“ = sgn(detC') ■ U“^(x — xq)^. The linear transformation matrix C can be 
written by a combination of the rotation R and the dilatation of each axis 
A = diag{\^, \Y with A* > 0 as C = sgn(detC)i?A. Here, topological na¬ 
ture is never changed by such a continuous deformation. For detC* > 0, the 
conhguration 0(x) can be continuously deformed into the hedgehog conhgu¬ 
ration around xq, 0(x) ~ r“x“, while, for detU < 0, 0(x) can be continuously 
deformed into the anti-hedgehog conhguration, 0(x) ~ —r“x“. Since detC* = 0 
is the exceptionally special case and detC < 0 is similar to detU > 0, we 
have only to consider the hedgehog conhguration. This hedgehog conhgura¬ 
tion around the singular point of 4>{x) corresponds to the simplest nontrivial 
topology of the nontrivial homotopy group n 2 (SU( 2 )/U(l) 3 ) = Z^c, and the 
abelian gauge held has the singularity as the monopole appearing from the 
hedgehog conhguration. 

Using the polar coordinate (r, 9, ip) of x, the hedgehog conhguration is ex¬ 
pressed as 


(j) = = r sin 6 cos p ■ ti + r sin 6 sin p ■ T 2 + r cos 6 ■ rs 

_ / cos6* e“*‘^sin0 \ 

^ V e*‘^sin6* —cos6* / ’ 

and (j) can be diagonalized by the gauge transformation with 

qH _ ( e^'^cosf sin| \ 

“ ^ -sinf e-*^cosf ) ’ 
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( 10 ) 


( 11 ) 



where tp denote the polar and the azimuthal angles, respectively. Here, 
on the 2 ;-axis ( 6 * = 0 or 6 ^ = tt), 99 is the ‘fake parameter’, and the unique 
description does not allow the dependence on the 2 :-axis. However, at the 
positive region of ; 2 -axis, 6 * = 0 , depends on (f and is multi-valued as 






( 12 ) 


Such a multi-valuedness of leads to the divergence in the derivative 
at 0 = 0. In fact, d^jVL^ includes the singular part as cos | = 

— h-g-, which diverges at 6 * = 0. By the gauge transformation with , the 

r sm ^ 

variable 0 becomes (jP' = = rr^, and the gauge held is transformed as 


= Q{A, - (13) 

For regular the hrst term is regular, while is 

singular and the monopole appears in the abelian sector originating from the 
singularity of [20]. To examine the appearance of the monopole at the 
origin x = 0, we consider the magnetic hux which penetrates the area 

inside the closed contour c(r, 9) = {(r, 0,(p)\Q < ip < 2 ti}. One hnds that 





4:71 1 -|- COS 6 Ts 

2 


(14) 


which denotes the magnetic hux of the monopole with the unit-magnetic 
charge g = ^ with the Dirac string [20]. Here, the direction of the Dirac 
string from the monopole can be arbitrary changed by the singular U 3 (l) 
gauge transformation, which can move in from the rs-sector to the 
oh-diagonal sector. In fact, the multi-valuedness of D is not necessary to be 
hxed in r^-direction. Nevertheless, the singularity in appears only in 

the Ta-sector, and ra-direction becomes special in the abelian gauge hxing. 


The anti-hedgehog conhguration of 0(x) = —r“x“ provides a monopole with 
the opposite magnetic charge, because anti-hedgehog conhguration is trans¬ 
formed to the hedgehog conhguration by the Weyl transformation. Thus, the 
only unit-charge magnetic monopole appears in the general case of detC* p 0 . 
In principle, the multi-charge monopole can also appear when detC* = 0, how¬ 
ever, the condition is scarcely satished in general, because this exceptional 
case is realized only when four conditions 0 ^ = 0 ^ = = detC* = 0 are 
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simultaneously satisfied. To summarize, in the abelian gauge, the unit-charge 
magnetic monopoles appear from the singular points of 0(a;), however, multi¬ 
charge monopoles do not appear in general cases. 

In this way, by the singular SU(2) gauge transformation, there appears the 
monopole with the Dirac string. Here, we consider the role of the off-diagonal 
component in the SU(2) gauge function to appearance of the monopole, by 
comparing with the U(l )3 gauge transformation. Let us consider the singular 
gauge transformation E U(l )3 instead of This U(l )3 gauge 

function is multi-valued on the whole region of the axis (0 = 0 and 

0 = tt), and also has a singularity. The magnetic flux 

which penetrates the area inside the closed contour c(r, 9) = {r, 9, ip\0 < Lp < 
2n} is found to be 


$fl-(0) = Jd^- (15) 

C 

which corresponds to the endless Dirac string along the ; 2 -axis. It is noted that 
the singular U(l )3 gauge transformation can provide the endless Dirac string, 
however, it never creates the monopole. 

The monopole is created not by above singular U(l )3 gauge transformation 
but by a singular SU(2) gauge transformation. Since the multi-valuedness of 
is originated from the (/^-dependence at 0 = 0 or 0 = tt, we separate the 
SU(2) gauge function (11) as 




cos-e 




+ ((/^-independent term). 


At 0 = 0 or the positive side of axis, coincides with D^d) = 
and is multi-valued like D'^d) Therefore the Dirac string is created at 0 = 
0 by the gauge transformation . On the other hand, at 0 = tt or the 
negative side of 2 :-axis, (/^-dependent part of D vanishes due to cos | = 0, so 
that the Dirac string never appears in at 0 = tt. Thus, by the SU(2) 

singular gauge transformation , the Dirac string is generated only on the 
positive side of the ; 2 -axis and terminates at the origin r = 0, and hence the 
monopole appears at the end of the Dirac string. Around the origin x = 0, 
the factor cos | varies from unity to zero continuously with the polar angle 
0, and this makes the Dirac string terminated. Such a variation of the norm 
of the diagonal component cos |e*'^ cannot be realized in the U(l )3 gauge 
transformation with D^d)_ the SU(2) gauge transformation with the 
norm of the diagonal component can be changed owing to existence of the off- 
diagonal component of , and the difference of the multi-valuedness between 
0 = 0 and 9 = TT leads to the terminated Dirac string and the monopole. In this 
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way, to create the monopole in QCD, full SU(2) components of the (singular) 
gauge transformation is necessary, and therefore one can expect a close relation 
between monopoles and the off-diagonal component of the gluon held. 


2.3 Appearance of Monopole in the Gauge-connection Formalism 


In this subsection, we study the appearance of monopoles in the abelian sector 
of QCD in the abelian gauge in detail using the gauge connection formalism. 
In the abelian gauge, the monopole or the Dirac string appears as the result of 
the SU(iVc) singular gauge transformation from a regular (continuous) gauge 
conhguration. For the careful description of the singular gauge transformation, 
we formulate the gauge theory in terms of of the gauge connection, described 
by the covariant-derivative operator and ieAfj,{x), where df^ is 

the derivative operator satisfying [(9^,/(a;)] = (9^/(a;). 

To begin with, let us consider the system holding the local difference of the 
internal-space coordinate frame. We attention the neighbor of the real space- 
time Xfj,, and denote by \q{x)) the basis of the internal-coordinate frame. At the 
neighboring point Xfj, H-e^, we express the difference of the internal-coordinate 
frame as \q{x-{-e)) = Rs{x)\q{x)) with Rs{x) = G G being the ‘rotational 

matrix’ of the internal space. We require the ‘local superposition’ on as 
-|- r £2 up to 0{e), and then we can express rs{x) = —ee^A^^{x) 
using a ^-independent local variable A^{x) G g : \q{x-\-e)) = 

Then, the ‘observed difference’ of the internal space coordinate depends on the 
real space-time the observed difference of the local operator 0{x) between 
neighboring points, x^ and x^j, is given by 


{q{x e)\0{x + e)\q{x + e)) - {q{x)\0{x)\q{x)) 

= {q{x)\R^^^^"^^^0{x + e)e-^^^^^"^^^\q{x)) - {q{x)\0{xMx)) 
~e^(g(a;)|{(9^0(a;) -f ie[A^{x), 0(a;)]}|g(a;)) 

= e^{q{x)\{[d^ + ieA^{x),0{x)]}\q{x)) = e^{q{x)\[D^ ,0{x)]\q{x)). (16) 

Here, one hnds natural appearance of the covariant derivative operator, = 
(9^ -|- ieAfj^{x). The gauge transformation is simply dehned by the arbitrary 
internal-space rotation as \q{x)) D(a;)|g(a;)) with D(a;) G G, and therefore 
the covariant derivative operator is transformed as = Q{x)DnQ^{x) 

with D(a;) G G, which is consistent with A^ ^ A^ = Q{A^ — 

In the general system including singularities such as the Dirac string, the 
gauge held and the held strength are dehned as the diherence between the 
gauge connection and the derivative connection. 
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( 17 ) 

(18) 


— ■ {D^ d^) 

^C- 

G^, = -{[b^,b,]-[d,,d,]). 

This expression of is returned to the standard dehnition = j^[b^, b^] = 
d^Ay — dyA^ + ie[A^, A^] in the regular system. By the general gauge trans¬ 
formation with the gauge function hi, the held strength G^i, is transformed 
as 


G,, ^ £>3 _ a[8„ adfil) 

= + ^(Sil4. ajn* - l4.9-1) 

= (dX - 9-71") + ielA^ .4a + jfiis,, S„|S1' 

= G“r' + G“™“ + G”;', (19) 


The last term remains only for the singular gauge transformation on and 
and can provide the Dirac string. 


Figure 3 shows the SU(2) held strength and in the abelian 

gauge provided by in Eq.(ll). The linear term = {d^A^ — d^A^) 

includes in the abelian sector the singular gauge conhguration of the monopole 
with the Dirac string, which supplies the magnetic hux from inhnity. Since each 
component satishes the Bianchi identity 5 “*(^iinear ^ A^)^^ = 0, the 

abelian magnetic hux is conserved. The abelian part of A^], 

= —e{Aj^Al—AlA‘fj), includes the ehect of oh-diagonal components, 
and it is dropped by the abelian projection. The last term G®™® = 
appears from the singularity of the gauge function D, and it plays the impor¬ 
tant role of the appearance of the magnetic monopole in the abelian sector. 


First, we consider the singular part G®™®. In general, G^™® disappears in the 
regular point in D. It is to be noted that G^“® is found to be diagonal from 
the direct calculation with Qb in Eq.(ll), 


G“« = sjn"t = -(j„ij„2 - ft.2j„i)cos7te-»’’ Pi, 

c 6 ^ 

= ^{gt,igu2 - 82]^ ■ T3 

4:71 


= —{gf,igu2 - g^,2gui)0{x3)S{xi)6{x2) 


II 

2 ’ 


( 20 ) 


where we have used relations. 


12 



[di,d2]^p = -27r5{xi)5{x2), 


1 -I- CO^f) 

^ - 6ix,)6ix2) = eixs)6ix,)6ix2). ( 21 ) 


The off-diagonal component of disappears, since the singularity 

appears only from (/^-dependent term. As a remarkable fact, the last expression 
in Eq.(20) shows the terminated Dirac string, which is placed along the positive 
; 2 -axis with the end at the origin. Hence, in the abelian part of the SU(2) held 
strength, leads to the breaking of the U(l )3 Bianchi identity. 


= = %^^,,d^{S{x,)S{x2)e{xs)}^ 

= ^9^^o5ixl)6{x2)6{x3)^, ( 22 ) 

which is the expression for the static monopole with the magnetic charge 
5 ^ = — at the origin. Thus, the magnetic current is induced in the abelian 
sector by the singular gauge transformation with and the Dirac condition 
eg = dTT is automatically derived in this gauge-connect ion formalism. 

In the covariant manner, is expressed as A k)^y using the 

monopole current in Eq.(22) and a constant 4-vector n^. Actually, for the 
above case, one hnds for 

Ak)^u = J dx3{x3\^^^\x'^)e^u3on^^S{xi)S{x2)S{x2)^ 

= ^{9^il9v2 - 9^29vi¥{x3)5{xi)5{x2)^ 

= = (23) 

using the relation {xn\:^\x^ = 9{xn — x'^). 

Thus, the last term G®™® corresponds to the Dirac string terminated at the 
origin. Since shows the conhguration of the monopole together with 

the Dirac string, the sum of -|- G®™® provides the gauge conhguration 

of the monopole without the Dirac string in the abelian sector. Thus, by 
dropping the off-diagonal gluon element, vanishes and the remaining 

part (Gj)“®''' -|- G^“s)^ describing the abelian projected QCD includes the held 
strength of monopoles. 

Next, we consider the role of oh-diagonal gluon components for appearance 
of the monopole. The gluon held is divided into the regular part and 

the singular part —Since we are interested in the behavior of the 
singularity, we neglect the regular part of the gluon held. Then, is 

written as 


13 



( 24 ) 


= --{d^{^d,^^) - d,]n^ 

= -(sX-9.-4«)-^n[s,.,s„|nt, 

where the last term appears as the breaking of the Maurer-Cartan equation. 
In the abelian gauge, the singularity of the monopole appearing in + 

is exactly canceled by that of . Thus, in the abelian gauge, the 

off-diagonal gluon combination = —e{ } 

includes the held strength of the anti-monopole, and hence the off-diagonal 
gluons and have to include some singular structure around the 

monopole. 


The abelian projection is dehned by dropping the off-diagonal component of 
the gluon held 


Accordingly, the SU(2) held strength G 
strength 


{Ay^^. (25) 

is projected to the abelian held 


G% = = {d,A^. - d,A^^) + + Iff[9,, 

- d^Af, + ^ff [(9^, 

= d^A, - d^A^ - Fy, (26) 

where JA®™® = is diagonal and remains. Here, the bi¬ 

linear term ie[A^, A^] vanishes in AP-QCD because it is projected to ie[A^, Ay] 
0 by the abelian projection. The appearance of leads to the breaking of 
the abelian Bianchi identity in the U(l )3 sector. 


d^*F^^ = -d^*Fy = d^*C-Q[d^, d^p} = k,, (27) 

where Eq.(23) is used. Thus, the magnetic current is induced into the 
abelian gauge theory through the singularity of the SU(2) gauge transforma¬ 
tion. 


Here, we compare AP-QCD and QCD in terms of the held strength. The 
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SU(iVc) field strength G^i, is controlled by the QCD action, S'qcd = 
so that each component cannot diverge. On the other hand, the held 
strength in AP-QCD is not directly controlled by S'qcd, since the QCD 
action includes also off-diagonal components. It should be noted that the 
point-like monopole appearing in AP-QCD makes the U(l )3 action ^Abei = 
/ — divergent around the monopole, such a divergence in 

T should cancel exactly with the remaining off-diagonal contribution from 
to keep the total QCD action finite. Thus, the appearance of monopoles 
in AP-QCD is supported by the singular contribution of off-diagonal gluons. 
In this way, abelian projected QCD includes monopoles generally. 


2.J^ Monopole Current in the Lattice Formalism 


For the study of nonperturbative QCD physics, the lattice QCD formalism 
provides a useful method for the direct calculation of the QCD generating 
functional Zqcd[ 15]. In this subsection, we extract the abelian gauge field and 
the monopole current in the lattice formalism [42]. 

In the lattice QCD, the system is described by the link-variable D^(<s) = 
giaeA^(s) ^ SU(Ai"c) instead of A^{x). Here, e denotes the QCD gauge coupling 
and a the lattice spacing. The SU(2) link-variable can be factorized as 


Uf,{s) = Mf,{s)u^{s) eG 

M^(s) =exp {i{Ti9l{s) + r20j(s)}) G G/H, 

u^{s)=exp{iT^9l{s)^ eH (28) 

with respect to the Cartan decomposition of G = G/M x H into G/H =SU(2)/U(1)3 
and H =U(1)3. In the lattice formalism, such a factorization has an ambigu¬ 
ity relating to the ordering of and in this factorization. Instead of 
another facotrization is equivalently applicable, how¬ 

ever, such an ordering is to be fixed through the whole argument. Here, the 
abelian link variable. 


= e U(l )3 c SU(2), (29) 

plays the similar role as the SU(2) link-variable U^(s) G SU(2) in terms of 
the residual U(l )3 gauge symmetry in the abelian gauge, and 9^^(s) G (—tt, tt] 
corresponds to the diagonal component of the gluon in the continuum limit. 
On the other hand, the off-diagonal factor M^(s) G SU(2)/U(1)3 is expressed 
as 
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( 30 ) 


Mp(s) =exp (i{Ti9j(s) + TjSj))*)}) 

_/ cos9^{s) —\ 

Vsin6*^(s)e*^'"‘^®^ cos6*^(s) / 

^ / \/i - |cm(s)P -c;(s) \ 

V c^(^) ^1- |c^(s)|2y 


with 6 *^(s) = mod|y(6*^)2 + ( 6*^)2 g [0, |] and Xm(' 5) ^ '?’■]• Near the 

continuum limit, the off-diagonal elements of M^{s) correspond to the off- 
diagonal gluon components. Under the residual U(l )3 gauge transformation 
by a;(s) = G U(l) 3 , u^{s) and M^{s) are transformed as 


u^{s) = uj{s)u^,{s)uj\s + jj) e H (31) 

M^{s) ^ M‘;;{s) = u;{s)M^{sW{s) G G/H (32) 

so as to keep M‘^{s) belong G/H. Accordingly, 9^{s) and c^(s) G C are trans¬ 
formed as 


Otis) 


CH-S) 


q3uji 


■c„is) = C, 


s) = mod2,[9j)(s) + {«3(s + fi)- 43(s)}/2] 


(33) 

(34) 


Thus, on the residual U(l )3 gauge symmetry, u^{s) behaves as the U(l )3 lattice 
gauge field, and 6 *j)(s) behaves as the U(l )3 gauge field in the continuum limit. 
On the other hand, M^(s) and c^(s) behave as the charged matter held in 
terms of the residual U(l )3 gauge symmetry, which is similar to the charged 
weak boson lU,^ in the Standard Model. 

The abelian held strength 9^^{s) is dehned as 9^^{s) = mod 2 ,r ('9 A 6*^)^,x(s) G 
(—TT, tt], which is U(l )3 gauge invariant. In general, the two form of the abelian 
angle variable 9^(3) is divided as 


O^uis) = {d A 9^)f,^{s) = 9f,^{s) + 27rnf,^{s), (35) 

where n^^{s) G Z corresponds to the quantized magnetic hux of the ‘Dirac 
string’ penetrating through the plaquette. Although n^i, ^ 0 provides the 
inhnite magnetic held is the continuum limit as 2Tin^y/a, the term 2nn^^{s) 
does not contribute to the abelian plaquette and it is changed by 

the singular U(l )3 gauge-transformation as 6 *j^(s) — 6 *j^(s) -|- d^ip{s) with 99 ( 5 ) 
being the azimuthal angle. Thus, 2Tm^v corresponds to the Dirac string as an 
unphysical object. 

The monopole k///^{s) is dehned on the dual link as [42], 
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(36) 




-5n 


^afi ) ? 


using the abelian field strength 6^y{s). Here, is defined such that the 

topological quantization is manifest, G Z. In this definition, for in¬ 

stance, one finds = ^eijkdiUjk and = 0 (f = 1,2,3) for the static 
monopole. The magnetic charge of the monopole on the dual lattice is deter¬ 
mined by the total magnetic flux of the Dirac strings entering the cube around 
the monopole. (See Fig.4.) 

We show in Fig.5 the typical example of the monopole current at a time 
slice in the lattice QCD at 13 = 2.4 in the maximally abelian (MA) gauge. 
In each gauge configuration, the monopole current appears as a distinct line¬ 
like object, and the neighbor of the monopole can be defined on the lattice. 
However, taking the temporal direction into account, the monopole current 
forms a global network covering over 

Here, we summarize several relevant properties of kf^{s). 

(1) The monopole current k^ is topologically quantized and k’‘^^{s) takes an 

integer G Z in the definition of Eq.(36). As the result, k!‘l^^{s) forms 

a line-like object in the space-time R^, since k}^*" is a conserved current 
as dfj^kfj, = 0. These features of G Z are quite unique and different 

from the electric current G R, which can spread as a continuous 

field. 

(2) In the lattice formalism, is defined as a three-form on the 

dual link. For the use of the forward derivative, k!‘^^{s) is to be defined 
on the dual link between = s-|-|-|-|-|-|-|-|±|. For instance, 
k^Q^{s) is placed on the dual link between -|- \-,Sy ^,Sz + ^,St) and 
(-Sx + |, Sy + \, Sz + \, Thus, the monopole is defined to appear at the 

center of the 3-dimensional cube perpendicular to the monopole-current 
direction as shown in Fig.4. 

(3) Because of ky = d^Fay = —\£ya(}'idaFf}^, ky only affects the perpendic¬ 
ular components to the /i-direction for the ‘electric variable’ as in 
a direct manner. For instance, the static monopole with /cq 7 ^ 0 creates 
the magnetic field (f, j=l,2,3) around it, but does not bring the elec¬ 
tric field Foj. Hence, in testing the field around the monopole, one has 
to consider the difference between such perpendicular components and 
others. 

We now consider the relationship between the lattice variable and the field 
variable in the continuum theory. The continuous abelian field Ay{x) = 
is expressed as 
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(37) 


eAt = K-- 


with the gauge coupling constant e and the lattice spacing a. The abelian held 
strength Tfj,y{x) = in the continuum theory is written as 


2-2 

= mod27i-(^^i/) ■ ^ ^■ 2) 


(38) 


and Ffj_y is composed of two parts according to the decomposition (35) 


F,y = (a A A^),y - (39) 

Thus, in the SU(iVc)-lattice formalism, the difference between the held strength 
Ff^y and two-form (<9 A A)f^y arises from the periodicity of the angle variable 
in the compact subgroup U(l)^‘'“^ embedded in SU(iVc). Here, the singular 
Dirac-string part F®™® is directly related to 2'xn^y and is written by 


2 dvr 1 

F-^ = 2T,n,y ■ — = —n,y-. (40) 

^ ea^ e 

Owing to existence of F®™® in Eq.(39), the monopole current k^{x) = k^^{x) ^ = 
da*Fafj.Y appears in the continuum theory and is written as 


_ ulat 

~ ea3 


An 


3 *77 - 

e a'^ 


where the magnetic-charge unit g = ^ naturally appears in A; 


(41) 


In the lattice formalism, there also appears the monopole-like conhguration as 
the lattice artifact, when the lattice constant a is relatively large. As a —0, 
such a monopole-like conhguration turns out to be regular large huctuation 
rather than the point-like singularity. Hence, one should use a hne mesh lattice 
to remove such lattice artifact monopoles. 


3 Monopoles in the Mciximally Abelian Gauge 

3.1 Maximally Abelian Gauge and Abelian Projection Rate 


The abelian gauge has some arbitrariness corresponding to the choice of the 
variable 0[A^(a;)] to be diagonalized. Several typical abelian gauges have been 
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tested on the dual superconductor scenario for the nonperturbative QCD[28,29] 
Recent lattice QCD studies show that infrared phenomena such as conhne- 
ment properties and chiral symmetry breaking are almost reproduced only 
by the abelian variable in the maximally abelian (MA) gauge [30,32-36]. In 
this subsection, we study the MA gauge in detail, considering the gluon held 
properties. 

In the SU(2) lattice formalism, the MA gauge is dehned so as to maximize 


S,{I 

- uiisf - 

=2y [i-2{(7;(i,)2 + i7ys)y; 

S ,{1 


(42) 


by the SU(2) gauge transformation. Here, we denote U^{s) = U^{s) +iT°‘U^{s) 
with f/°(s), U^{s) e R, obeying I7°(sf + = 1. 


The MA gauge is a sort of the abelian gauge which diagonalizes the hermite 
variable 


= ( 43 ) 

M,± 

Here, we use the convenient notation = [/^(s — fi) in this paper. Here, 

<h[[/^(s)] is gauge transformed by H(<s) G SU(2) as 


4(i,) ^ 4''(s) = K(i,){y (7±(s)l/t(s±A)T3r(i,±A)C'iys)}rt(i>). (44) 

/4,± 

which is not a simple adjoint transformation. In the continuum limit a —0, 
the link-variable reads = l-|-iaeA^(s)-|-0(a^), and hence the 

MA gauge condition becomes = 0, which can be regarded as 

the maximal decoupling condition between the abelian gauge sector and the 
charged gluon sector. 

In the MA gauge, <h(s) is diagonalized as ‘hdiag(’S) = A(s)y with A(s) G R, 
and there remain the local U(l )3 symmetry and the global Weyl symmetry 
[40]. After the MA gauge hxing, the global Weyl transformation with W in 
Eq.(6) never changes the sign of A(s) as 

•I>d,.g(i!) ^ 4l,(s) = i: \VU^,(s)\V't,WUUsW' 

/4,± 


(45) 
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= -Y.WU±,{s)T^Ui^{s)W^ = = $diag(5). 

/i,± 

Thus, the Weyl symmetry is not hxed in the MA gauge by the simple ordering 
condition as A(s) > 0, unlike the simple adjoint case. 

In the MA gauge, the absolute values of the off-diagonal components, Uj^{s) 
and W^is), are forced to be small. In the continuum limit a —0, the MA 
gauge is found to minimize the functional 

Rch[A^,] = J d^x{Al{xf + Alixf} = j d^xA'j^{x)A-{x) (46) 

with A^{x) = A^iAlix) ±iAl{x)}. Thus, in the MA gauge, the off-diagonal 
gluon component is globally forced to be small by the gauge transformation, 
which seems a microscopic origin of abelian dominance for the nonperturbative 
QCD in the MA gauge [30]. 

Here, let us consider resemblance of the abelian link variable Ufj_{s) to the 
SU(2) link variable Ufj_{s) qnantitatively. To this end, we introduce the ‘abelian 
projection rate’ i?Abei [30,43], which is dehned as the overlapping factor as 


^Abei(-s, h) = tr{f/^(s)Mj,(s)} 

= ^Re trM^(s) = cos 6 '^(s) G [0,1], (47) 

where 9^{s) is defined to belong [ 0 , |] in the decomposition of 77^(s) into Mfj,{s) 
and Ufj,{s). For instance, the SU(2) link variable f7^(s) becomes completely 
abelian for RAbeK-s,/i) = 1 , while f7^(s) becomes completely off-diagonal for 
RAhei{s,fi) = 0. This dehnition of i?Abei is inspired by the ordinary ‘distance’ 
between two matrices A,B ^ GL(A^, C) dehned as d‘^{A,B) = Atr{(A— 
By {A - H)}[44], which leads to d^A, B) = 2-Re tr(ARt) for A, B eSU(2). 
In fact, the similarity between U^{s) and n^(<s) can be qnantitatively measnred 
in terms of the ‘distance’ between them. In the strong-coupling limit (/? = 0), 
(/ 2 Abei)/ 3 =o = (cos 6 *^(s))/ 3 =o withont gange hxing is analytically calculable as 
[23,43] 


(RAbel('S, P-))/3=0 


J dU^{s) cos 9f,{s) 
JdU.is) 


jy d9i, sin 9^ cos^ 6 *^ _ 2 
jy d9^ sin 9^ cos 9^ 3 


(48) 


In the MA gauge, we hnd (i?Abei)MA = (|Re tr(f/^(s)Mi (s))) ~ 1, and the 
SU(2) link variable is U(l) 3 -hke as U^{s) ~ Uf^{s) in the relevant gauge con- 
hguration. As a typical example, one obtains (i?Abei)MA — 0.926 on 16^ lattice 
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with (3 = 2.4. Thus, in the MA gauge, the amplitude of the off-diagonal gluon 
{x) is strongly suppressed, which can be called as microscopic abelian dom¬ 
inance. On the other hand, the phase degrees of freedom x^{x) of A^{x) is 
not constrained by the MA gauge-fixing condition at all, and the constraint 
from the QCD action is also suppressed because of the strong reduction of 
|Aj^(a;)| in the MA gauge. Therefore, in the MA gauge, the phase degrees of 
freedom Xfj.{x) of the off-diagonal gluon A^{x) behaves as a random angle vari¬ 
able approximately, and this phase randomness leads to macroscopic abelian 
dominance on the conhnement force [30]. 


3.2 Maximally Abelian Gauge in the Connection Formalism 


In the gauge theory, the covariant derivative is more fundamental than the 
gauge held, and therefore the MA gauge hxing in the continuum SU(Ai"c) QCD 
using the SU(Ai"c) covariant derivative operator + ieA^, where is 

the derivative operator satisfying [9^,/(x)] = dfj,f{x). In addition, both the 
derivative operator and the Lie algebra appearing in are expressed by the 
inhnitesimal transformation of the corresponding group elements, so that they 
are to be described by way of the commntation relation. Then, the MA gange 
is dehned so as to minimize 

Rh[AM = I d^x tr[D^, #]t[4, H] = e^ j d^x tr[A^, H] 

2 NXNc-1) 

= eA d‘x Y. X'A ■ MEiEg) = ^ / dV E («) 

a,/3 a=l 

by the gange transformation in the Euclidean QCD. Here, we have used the 

Vc(Wc-l) 

Cartan decomposition, = A“T“ = A^ ■ H + ^ where H = 

a.=l 

(T 3 , Tg, • • • , Tf^2_i) is the Cartan snbalgebra, and E°'{a = 1, 2, • • • , — N^) 

denotes the raising or lowering operator. Since Rg[A^ expresses the total 
amount of the off-diagonal gluon component, SU(Ai"c) gange connection = 
(9^ -|-ieA“T“ is mostly close to gauge connection Dj^ = (9^ + ieA^ ■ H 

in the MA gange. In our definition (49) using the gange transformation 
property of Rg[A^ becomes quite transparent, because the SU(Ai"c) covariant 
derivative obeys the simple adjoint gauge transformation, VlD^Vl\ 

with the SU(Ai);) gange fnnction Vt e SU(A^c)- By the SU(Ai'c) gauge transfor¬ 
mation, R^ is transformed as 


ba = J d^x tr H]) 
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( 50 ) 


and hence the residual symmetry corresponding to the invariance of is 
easily found to be x Pg^'bai cSU(iVc)iocai, where Pg^bai denotes the 

global Weyl group relating to the permutation of the bases in the fundamen¬ 
tal representation, and Nc\ elements includes. In fact, one hnds = H 

for o; = G and the global Weyl transformation by hh G 

P^bai exchanges the permutation of the nontrivial root dj and never 
changes R^. In the MA gauge, by dehnition, arbitrary gauge transformation 
by '^V G SU(W) is to increase Rg as Ph > R^. Considering arbitrary in- 
hnitesimal gauge transformation C = ~ 1 -|- ie with &su{Nc), one hnds 

V^HV c^H + i[H,e] and 

Pg ~ + 2^ y d‘^xtT ([P^, [P, £]]t[P^, H]) 

= Rfi + 2tj d^xii {e[H, [Pt, #]]]) . (51) 

In the MA gauge, the extremum condition of Pb on Esu{Nc) provides 

IH, |r>t, [4, //III = 0, (52) 

which leads to ± eA^^)A^ = 0 for the Nc=2 case. Thus, the variable to 

be diagonalized in the MA gauge is easily derived as 

$lA,]^lDllD„H]]e8u(N,) (53) 

in the continuum theory. Here, *h[A^] is hermite as = *h[A^] because of 

pi = —P^, and hence the diagonal elements of ^[A^] should be real. 

Thus, ^[A^] can be regarded as a sort of the ‘gluonic Higgs held’ relating 
to the MA gauge hxing, however, ‘h(A^) does not obey the adjoint gauge 
transformation, so that correspondence between monopole and *h[A^] is still 
unclear. The deviation of the ‘gluonic Higgs held’ 0[A^] obeying the adjoint 
transformation will be discussed in section 5. 

In the commutator form, the diagonal part of the variable 0[A^(a;)] is ex¬ 
pressed as 

6« ^6-[h,[h,6]]. ( 54 ) 

For the covariant derivative operator, one hnds 
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( 55 ) 


D^ = D^- [H, [H, D,]] = 4 + teA^ix) ■ H 

with Afj,{x) = Afj_{x)-H+A'^{x)E‘^. Then, the abelian projection, Djj, is 

expressed by the simple replacement as A^[x) G su{Nc) —> Afj,{x) = A^[x) ■ H 

e 

3.3 Generalization of the Maximally Abelian Gauge 


In the MA gauge, Rp[Afj_{-)] in Eq.(49) is forced to be reduced by the MA 
gauge transformation r2MA(a^) G G/H[30], and therefore the gluon held A^{x) 
is maximally arranged in the diagonal direction H in the internal SU {N^) color 
space. In the dehnition of the MA gauge, H is the specihc color-direction, since 
H explicitly appears in the MA gauge-hxing condition with R^[A^{-y\. On this 
point of view, the MA gauge can be called as the ‘maximally diagonal gauge’. 
However, for the extraction of the abelian gauge theory from the nonabelian 
theory, we need not take the specihc direction as H in the internal color-space, 
although the system becomes transparent when the specihc color-direction as 
H is introduced on the maximal arrangement of the gluon held A^{x). 

In this subsection, we consider the generalization of the framework of the MA 
gauge and the abelian projection, without explicit use of the specihc direction 
H in the internal color-space on the gauge hxing. (Such an attempt is similar to 
the generalization of the formalism in the center-of-mass frame to that in the 
general moving frame.) Instead of the special color-direction H, we introduce 
the ‘Cartan frame held’ ^{x) = (0i(a;), 02(a;), • • •, 0Ar^_i(a;)), where 0i(a;) = 
(l)^{x)T°‘ {(f>i{x) G R) commutes each other as [0i(a;), 0j(a;)] = 0, and satisfy 
the orthonormality condition 2tT{(l)i{x)(j)j{x)) = = ^ij- 

each point f^x) forms the Cartan sub-algebra, and can be expressed as 


(j){x) = Mq{x)H^Ic{x) (56) 

using h2c(2^) ^ G/H. For the hxed Cartan frame held 0(a;), we dehne the 
generalized maximally abelian (GMA) gauge so as to minimize the functional 

R^[Af,{-)\ = y d‘^a;tr[£)^,0(a;)]^'[£)^,0(a;)] (57) 

by the SU(A'7) gauge transformation. Here, the Cartan frame held ^{x) is 
dehned at each independent of the gluon held like H, and never changes 
under the SU(Ai"c) gauge transformation. For the special case of f^x) = R, the 
GMA gauge returns to the usual MA gauge. In the GMA gauge, the SU(Ai"c) 
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covariant derivative -D^ is maximally arranged to be ‘parallel’ to the (p{x)- 
direction in the internal color-space using the SU(A'"c) gauge transformation. 

In the GMA gauge, the gauge symmetry is reduced from SU(Ac) into 11(1)^““^, 
and the generalized AP-QCD leads to the monopole in the similar manner to 
the MA gauge. In the GMA gauge, the remaining gauge symmetry 

corresponds to the invariance of R^[Af^{-)] under the gauge transfor¬ 

mation by 


uj^{x) = e x{x) e (58) 

In fact, using uj^^{x)(1){x)uj^{x) = 0(a;), 11(1)^““^ invariance of R(p[A^{-)] is 
easily conhrmed as 

{R^[A^])‘^ = J d'^xtT[u{x)^Df,ul{x),(j){x)]'^[u{x)^Df,ul{x),(j){x)] (59) 

= J d'^xtT[Df„ul{x)(j){x)u^{x)]'^[Df„ul{x)(j){x)u^{x)] = R^[A^]. 

There also remains the global Weyl symmetry Psimilarly in the usual MA 
gauge, although the gauge function takes a complicated from. 

Here, we consider the generalized abelian projection to 0(a;)-direction. Similar 
to the ‘diagonal part’ in Eq.(54), we dehne the ‘0(a;)-projection’ of the operator 
0{x) as 


O'^ix) = 0{x) - [0(a;), [${x), 0(a;)]], (60) 

using the commutation relation. For the SU {Nc) covariant derivative operator 
= dfj, + ieA^, its 0(a;)-projection is dehned as 

Dt = D^- [${x), [${x), i)^]] = 4 + ieAl{x) + [${x), d^${x)] (61) 

with M^( x) = A^{x) ■ (f) = 2iT{((){x)A^{x)) ■ (t){x). Here, the nontrivial term 
[(l){s),d^(l){x)] appears in owing to the x-dependence of the Gartan-frame 
held 4){x). The 11(1)^““^ gauge held is dehned as the diherence between 
and (9^, 

= 4) = A^{x) + — [0(a;), (9^0(a;)] G su{N^). (62) 

Here, Af^{x) includes both the 0(a;)-component Af^{x) = 2ti{A^[x)(l){x)) ■0(a;) 
and the non-0(a;)-component A[(;/)(a;), (9^0(a;)], because [^(a;), (9^0(a;)] does not 
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include 0(a;)-component as tr (^0j(a;)[0(a;), (9^0(a;)]^ = 0. Here, the A'j^ix) is 

the image of A'^{x) mapped into the U(l)^‘'~^-manifold. The the generalized 
abelian projection for the variable 0[A^{x)] is dehned via the two successive 
mapping, 0[A^{x)] 0[Af^{x)] Oap = 2tr{(j){x)0[Af^{x)]), after the GMA 

gauge hxing. 

Under the abelian gauge transformation by uj(f,{x) = ^ 

Af^{x) or A^(a;) behaves as the abelian gauge held, 

^tix) {Af,{x))‘^ = Af,{x) + ■ (p{x). (63) 

The U(l)^‘^“^-abehan held strength is dehned as T^i^{x) = Z)^] — 

[d^id^Wi which generally includes the non-(;/)(a;) component as well as A^^{x). 

In the U(l)^““^-manifold, the 0(a;)-component F^j,{x) = 2tr is 

observed as the mapped image of 

Next, we investigate the properties of the GMA gauge function GGMA(a^), 
which brings the GMA gauge. Here, GGMA(a^) is a complicated function of 
A^{x) and is expressed by an element of the coset space G/H = SU(Ai);)/{U(l)^““^x 
Weyl} as the representative element because of the residual gauge symmetry. 

For instance, we impose here 


tr(GGMA(a:)0(a;)) = 0 (64) 

for the selection of Ggma G G/H. Similarly to the MA gauge function[30], 
r2GMA[A^] obeys the nonlinear transformation as 

GGMA(a:) G G/iZ ^ (GGMA(a:))^ = d'^(a;)GGMA(a:)Ui(a;) G G/H (65) 

by the SU(Ai);) gauge transformation with V{x) G G. Here, {x) G ZZ = 
U(l)^““^ X Weyl appears to keep (Ggma)'^ belonging to G/H. Therefore, 
the gluon held A™ = Ggma(A^ + G g in the GMA gauge is 

transformed as 

_4C,ma _ = 

L\A 

= d^{x){Af^^ + -d^)d^\x) = (66) 

by the SU(A'"c) gauge transformation. As a remarkable feature, the SU(A'"c) 
gauge transformation by V{x) & G is mapped as the abelian sub-gauge trans- 


25 



formation by dX{x) E H m. the GMA gauge: In partic¬ 

ular, for the residual gauge transformation by oj{x) = e*'^*^*^'^*'*^ G H, we hnd 
d‘^{x) = u{x) to keep the representative-element condition tr(r2Qj^^(a;)(;/)(a;)) = 
0 imposed above, and then obeys the ordinary H-gauge transformation 


“(x) ^ (^™*(x))“ = a,(x)(/l““ + X,)w'{x). (67) 

For the arbitrary variable 0[A™^] = dehned in the GMA gauge, 

we hnd 0[A™^]'^ = 0[A™^]'^^ with d^ E H from Eq.(66), and hence we 
get an useful criterion on the SU(A'"c) gauge invariance: if 0[A^] is i^f-invariant 
as = 0[A^] for G H, 0[A|;'^^] is also G-invariant, because of 

0[A^^^Y = = 0[A|^^"^] for '^V G G. All of the above arguments 

are also applicable to the usual MA gauge by setting ^(a;) = H. 

For the regular held 0(a;) without any discontinuity, the GMA gauge function 
Ggma G SU(Ai"c)/U(l)^‘'“^ becomes singular like the MA gauge, which was 
discussed in section 2.3. Then, a nontrivial singular term appears in the held 
strength as 


^GMA 

'^flU 




GMA 


(9^A™ + ie[Aj:^^, A™] + -Ggma['9;x, <9^]G1jmX68) 


Similar to the MA gauge, the singularity on Ggma induces breaking of the 
abelian Bianchi identity and the monopole current in the 
abelian sector. 


The correspondence between Ggma and Gma is straightforward. Using Go ( 2 ^) ^ 
SU(A^"c) satisfying (j){x) = QI;{x)HQc{x), Ggma is expressed as 


^GMA^^) = (69) 

Then, for regular 0(a;), becomes regular, and the singularity of Gma 

is directly mapped to that of Ggma- However, if singular (^{x) is used, the 
singularity of Gma can be mapped in (^{x) or instead of Ggma- In this 

case, the gluon held A|f^^ is kept to be regular, and the Gartan frame held 0(a;) 
includes the multi-valuedness or the singularity, which leads to the monopole. 
Such a situation will be discussed in section 5 considering the analogy with 
the nonabelian Higgs theory. 
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4 Large Field Fluctuation around Monopoles 


In this section, we study the QCD-monopole appearing in the abelian gauge 
in terms of the gluon held huctuation[45]. For simplicity, we take = 2. In 
the static frame of the QCD-monopole with the magnetic charge g, a spherical 
‘magnetic held’ is created around the monopole in the abelian sector of QCD 
as 


H(r) 



(70) 


with Hj = eijkdjA\. Thus, the QCD-monopole inevitably accompanies a 
large huctuation of the abelian gluon component around it. As was dis¬ 
cussed in section 2, in the abelian gauge, the formal action of the abelian 
projected QCD or the abelian part of the QCD action is given by = 

— I / d‘^x{{d^Al, — d^A^^Y — where —appears and eliminates the 

Dirac-string contribution. In the abelian part, the held energy created around 
the monopole is estimated as the ordinary electro-magnetic energy. 



( 71 ) 


where a is an ultraviolet cutoh like a lattice mesh. As the ‘mesh’ a goes to 0, 
the monopole inevitably accompanies an inhnitely large energy-huctuation in 
the abelian part and makes divergent. 


Since there seems no plausible reason to eliminate such a divergence via renor¬ 
malization, the monopole seems difficult to appear in the abelian gauge theory 
controlled by This is the reason why QED does not have the point-like 

Dirac monopole. Then, why can the QCD-monopole appear in the abelian pro¬ 
jected QCD ? To answer it, let us consider the division of the total QCD action 
5 'QCd abelian part and the remaining part 5'°® = 

which is contribution from the off-diagonal gluon component. While and 
^Abei positive dehnite in the Euclidean metric, is not positive dehnite 
and can take a negative value. Then, around the QCD-monopole, the abelian 
action should be partially canceled by the remaining contribution 5'°® 

from the off-diagonal gluon component, so as to keep the total QCD action 
5 'QCD even for a —0. Similar cancellation between the gauge held and 

the Higgs held huctuation is also found around the GUT monopole. Thus, we 
expect large oh-diagonal gluon components around the QCD-monopole for its 
existence as well as a large held huctuation in the abelian part. Based on this 
analytical consideration, we study the held huctuation and monopoles in the 
MA gauge using the lattice QCD. 
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To begin with, we study the gluon field configuration around the monopole in 
the MA gauge in terms of the abelian angle variable 0^{s) and abelian projec¬ 
tion rate -RAbei = cos 6 *^(s), which measures the off-diagonal gluon remaining 
in the MA gauge [30]. For the argument of 0^{s), the U(l )3 gauge degrees of 
freedom should be also fixed after the MA gauge fixing, because 9^{s) is U(l )3 
gauge dependent. Here, we adopt the U(l )3 Landau gauge [46,47] defined by 
maximizing 


Rpi.] = Y. = 2 ^ cos 0j(s) (72) 

5 ,^ 

by the residual U(l )3 gauge transformation. In the U(l )3 Landau gauge, there 
remains no local symmetry, and the lattice variable mostly approaches to the 
continuum field under the constraint of the MA gauge fixing. 

Now, let us consider the correlation between the field variables and the monopole 
in the lattice QCD. For this argument, one has to recall the property of 
the monopole current shown in section 2.4. In particular, one should note 
that kfj,{s) is defined on the dual link and only affects the perpendicular 
components to the /i-direction for the electric variable as Faf} because of 

kfj, = d^Ff^^ 2^ ■ 

Taking account of these properties, we study the local correlation between 
the field variables and the monopole current k^ls) in the MA gauge with the 
11 ( 1)3 Landau gauge using the lattice-QCD Monte-Carlo simulation. We first 
measure the average of the abelian angle variable 6^{s) over the neighboring 
links around the dual link (See Fig.4), 


= H h£,^af3^\-\9l{s + mp + n^)\, (73) 

af3'ym,n=0 ^ 

which only consists of the perpendicular components considering the above 
monopole property. Here, the index jl denotes the direction of the dual link, 
and |0^(s, fi) \ corresponds to the average over the 12 sides of the 3-dimensional 
cube perpendicular to the /i-direction. We show in Fig .6 the probability dis¬ 
tribution P{\9^\) of \9^{s,jl)\ in the MA gauge with the U(l )3 Landau gauge 
at /5 = 2.4. The solid curve denotes P{\9^\) around the monopole current, 
while the dashed curve denotes the total distribution on the whole lattice. 
The abelian angle variable |0[[(s)| takes a large value around the monopole. In 
other words, the monopole provides the large fluctuation of the abelian gauge 
field, which would enhance the randomness of the abelian link variable. 

Similar to \9^{s,fi)\, we measure the average .RAbei of the abelian projection 
rate RAhei{s, fi) = cos 6 *^(s) over the neighboring links around the dual link. 
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( 74 ) 


1 1 1 

RAhei{s,fi) = —J2 H -\ef,o^ci^\cos9a{s + mp+ nj) 

a/3'1 m,n=(} ^ 

in the MA gauge to investigate the correlation between off-diagonal gluons 
and monopoles. As shown in Fig.7(a), .RAbei around the monopole current 
becomes smaller than the total average of .RAbei and therefore the magnitude 
of the off-diagonal gluon component becomes larger around the monopole. The 
f3 dependence of the abelian projection rate (i?Abei) is shown in Fig.7(b). 
Although (i?Abei) on the whole lattice approaches to unity as cx), (i?Abei) 
around the monopole is about 0.88 and is not changed even in the large (3 
region. Thus, the monopole provides the large fluctuation both for the abelian 
held and for the off-diagonal gluon. 

We next study monopoles in terms of the plaquette action density. We dehne 
the SU(2), abelian and ‘off-diagonal’ plaquette action densities as 




(75) 

(76) 

(77) 


where □®))(^l(s) and □^^^^(s) denote the SU(2) and the abelian plaquette 
variables, respectively; 


□®"W(s) = £;,.(s)£;4s + + i)ul(s), 

°“''(s) = «p(s)'“-(s + )i)'“!.(s + CAlis). 


(78) 

(79) 


Here, all of are dehned as symmetric tensors, instead of the 

Lorentz scalar, considering the above property of the monopole current. In the 

s) are related to the SU(2) and the 


Abel, 

flV 

a"e 


1.4.2^rG2 




and > la'^e^trjF,^ 


fj.iy 




continuum limit a —0, and 

abelian action densities as (s) 

and then we call as the action density, in spite of the lack of the summation 
on the Lorentz indices. Here, A®® corresponds to the contribution of the off- 
diagonal gluon. While and are positive-dehnite, is not positive- 

dehnite and can take a negative value. 


In order to examine the correlation between the action densities and the 
monopole current dehned on the dual link, we measure the average of the 
action density S{s) over the neighboring plaquettes around the dual link. 


1 1 1 

1iaf3'i\Smff 

0 ap-i m=0 ^ 


(80) 
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Here, jl appearing in S{s, fi) denotes the direction of the dual link, and S'(s, fi) 
corresponds to the average over 6 faces of the 3-diniensional cube perpendic¬ 
ular to the /i-direction. 

We show in Fig.8 the probability distribution P{S) of the action densities 
S{s,fi) in the SU(2), the abelian and the off-diagonal parts. Before the argu¬ 
ment around the monopole current, we show the action densities on the whole 
lattice in Fig.8 (a). On the whole lattice, most are positive, and both 
and tend to take smaller values than ^su( 2 ) _ ^Abei_|_^ofr_ other words, 
^Abei positive S°^ additionally contribute to ^su( 2 )_ 

However, such a tendency of the action densities is drastically changed around 
the monopole as shown in Fig.8(b). We find remarkable features of the action 
densities around the monopole as follows. 

(1) Around monopoles, most S°^ take negative values, and is larger 

than . 

(2) Due to the cancellation between and S°^, does not take an 

extremely large value around the monopole. 

Thus, the large abelian action density around the monopole is strongly 
canceled by the off-diagonal contribution S°^ to keep the total QCD action 
^QCD _ ^Abei _|_ ^oflf gj^iall. Here, different from ^Abei j^ggjf ^Qgg 

control the system directly, and hence there is no severe constraint from S'^’’®*. 
However, large is still not preferable, because the large-cancellation re¬ 
quirement between and S°^ leads to a strong constraint on the off- 

diagonal gluon and brings the strong reduction of the conhguration number. 

Around the monopole, the abelian action density takes a large value, and 
this value can be estimated from a following simple calculation. Without loss 
of generality, the monopole-current direction is locally set to be parallel to the 
temporal direction as k^Q^{s) = ^da*0ao{s) = ±1. Here, k^Q^{s) is expressed 
as the sum of six plaquette variables 9ij (i,j = l,2,3) around the monopole, 
because of = -^eijkdiOjk{s) = -^Y.iY.j<k£ijk{djk{s + i) - Ojk{s)}. 

Hence, the total sum of six \9ij{s)\{i < j) is to exceed 27r to realize k^i^s) = ±1. 
Since large |%(s)| accompanying large is not preferable, the magnetic 

field \9ij\ around the monopole is estimated as \9ij\ ~ 2n/6 = n/3 on the 
average, using the spherical symmetry of the magnetic held in the vicinity of 
the monopole. Accordingly, we estimate as = 1 — cos(|%|) ~ 1 — cos | = 
I around the monopole on the average. The above argument can be easily 
generalized to the case with arbitrary monopole-current direction. 

Then, existence of monopoles brings a peak around = | in the distribu¬ 
tion P(S'^’’®*). In fact, the abelian action density has two ingredients; one 
is nontrivial large huctuation about = 1/2 originated from the monopole, 
and the other is remaining small huctuations, which is expected to vanish as 
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S'Abei 0 as a —0. As shown in Fig.9, the peak originated from the monopole 
is almost (3 independent, while the other fluctuation becomes small for large 
j3. At a glance from this result, the monopole seems hard to exist at the small 
mesh a, since the monopole needs a large abelian action Nevertheless, 

the monopole can exist in QCD even in the large (3 region owing to the contri¬ 
bution of the off-diagonal gluon. As shown in Fig.8(b), the off-diagonal part 
of the action density around the monopole tends to take a large negative 
value, and strongly cancels with the large abelian action 5'Ab®' to keep the 
total SU(2) action finite. 

Here, we consider the angle variable of the off-diagonal gluons 

around the monopole. In the MA gauge, the amplitude of is strongly 

reduced, and can be approximated as a random variable on the whole, 

because x^{x) is free from the MA gauge condition entirely and is less con¬ 
strained from the QCD action due to the small |A)^(a;)|. However, around the 
monopole, the off-diagonal gluon A^ [x) inevitably has a large amplitude even 
in the MA gauge to cancel the large abelian action density. This requirement 
on the reduction of the total action density severely constrains the random¬ 
ness of the angle variable x^(a;) of the off-diagonal gluon A'^^x) around the 
monopole. As the result, the randomness of x^{x) is weaken, and continuity of 
XiJ.{x) or A'^{x) becomes clear in the vicinity of the monopole even in the MA 
gauge. This continuity of A'^^x) around the monopole ensures the topological 
stability of the monopole itself as n 2 (SU( 2 )/U(l)) = Zoo- 

To summarize, existence of the monopole inevitably accompanies a large abelian 
plaquette action 5'Ab®* around it, however, the off-diagonal part takes a 
large negative value around the monopole and strongly cancels with 5'Ab®' to 
keep not so large. Due to this strong cancellation between and S'°®, 
monopoles can appear in the abelian sector in QCD without large cost of the 
QCD action which controls the generating probability of the gluon con- 

hguration. The extension of the off-diagonal rich region around the monopole 
can be interpreted as the effective size or the structure of the monopole, be¬ 
cause the abelian gauge theory is largely modihed inside the QCD-monopole 
like the’t Hooft-Polyakov monopole. 

Finally, in this section, let us consider the correlation between monopoles and 
instantons [48] in terms of the gluon-held huctuation. The instanton is a non¬ 
trivial classical solution of the Euclidean Yang-Mills theory, corresponding to 
the homotopy group n 3 (SU(Yc)) = Zoo[4,5]. For the instanton, the SU(2) 
structure of the gluon held is necessary at least. In spite of the diherence 
on the topological origin, recent studies indicate the strong correlation be¬ 
tween monopoles and instantons in the QCD vacuum in the MA gauge[49,50]. 
What is the origin of the relation between two diherent topological objects, 
monopoles and instantons ? In the MA gauge, oh-diagonal components are 
forced to be small, and the gluon held conhguration seems abelian on the 
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whole. However, even in the MA gauge, off-diagonal gluons largely remain 
around the QCD-monopole. The concentration of off-diagonal gluons around 
monopoles leads to the local correlation between monopoles and instantons: 
instantons appear around the monopole world-line in the MA gauge, because 
instantons need full SU(2) gluon components for existence. 


5 Gluonic Higgs Field in QCD and Monopoles 


QCD in the maximally abelian (MA) gauge has several similarities with the 
nonabelian Higgs (NAH) theory in terms of the gauge-symmetry reduction 
and the appearance of monopoles, although the symmetry reduction is realized 
by the gauge fixing instead of Higgs condensation. In this section, we try to 
formulate QCD in the MA gauge in the similar manner to the NAH theory. 
To this end, we introduce the concept of the ‘gluonic Higgs field’ 0£)[A^(a;)] 
with 0£)j[A^(a;)] G su{Nc), a gluonic composite scalar dehned from the SU(Ai"c) 
covariant derivative in subsection 5.1. By way of (poi-A^ix)], we formulate 
the abelian projection in QCD without explicit use of the notion of the gauge 
hxing. In this formalism, the abelian projection resembles the extraction of the 
photon held in the NAH theory. In subsection 5.2, we study the connection of 
the gluonic Higgs held with the MA gauge, and examine the correspondence 
between the monopole in the MA gauge and the hedgehog conhguration of 
4>d[-A^{x)] in the lattice QCD. 


5.1 Gluonic Higgs Field for the Relevant Abelian Submanifold in QCD 


The abelian dominance in the MA gauge observed in the lattice QCD indicates 
the existence of the infrared-relevant abelian gauge submanifold embedded in 
QCD, and we call it the ‘relevant abelian submanifold’ in QCD. The ordinary 
abelian projection in the MA gauge can be interpreted as an concrete proce¬ 
dure to extract this abelian manifold in QCD. Here, we extend the concept of 
the ‘abelian projection’ as the extraction of this relevant abelian submanifold 
in QCD. In the NAH theory, the extraction of the photon held corresponds to 
the abelian projection, and the Higgs held 4>{x) indicates the ‘abelian direc¬ 
tion’ in the nonabelian gauge manifold. Based on the similarity with the NAH 
theory, we introduce the ‘gluonic Higgs held’ 0[A^(a;)] to extract the relevant 
abelian submanifold in QCD, referring the abelian projection in the MA gauge. 
As was shown in section 2, if (j)[An{x)] obeys the adjoint transformation, the 
monopole in the abelian gauge can be understood as the topological defect 
on (j)[An{x)], and the abelian-projection scheme in QCD becomes analogous 
to the NAH theory, by regarding (l)[A^{x)] as the Higgs held. 
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The variable <h[A^(a;)] in Eq.(43) appearing in the MA gauge seems a candidate 
of the gluonic Higgs held 0[A^(a;)], however, it does not obey the adjoint 
transformation, and correspondence between <h[A^(a;)] and the location of the 
monopole is unclear. In general, when a variable 0(x) is diagonalized, all the 
functions f{0{x)) are also diagonalized. Hence, there appears the ambiguity 
to choose (j)[An{x)]. Then, we require the following properties for the gluonic 
Higgs held 0[A^(a;)] in QCD. 

(1) To extract (A"c— 1) abelian gauge helds A^(a;) corresponding to C 

SU(A"c), the gluonic Higgs held 0[A^(a;)] consists of {Nc — 1) components 
(()j[A^{x)] (j = 1,.., Nc — 1). Each (pj is dehned to be an hermite gluonic 
composite scalar as (l)j[A^[x)] = G su{Nc) with 0“ G R. 

(2) Similar to the Higgs held in the NAH theory, (j)[Afj,{x)] obeys the ad¬ 
joint gauge transformation as 0 —> 0^ = by the SU(A^c) gauge 

transformation r2(a;) G SU(A0). 

(3) Corresponding to the direct product of the (A^^c—1) components 

(pjlA^^x)] G su{Nc) are to be commutable each other as [(pi^x), <pj{x)] = 0, 
and are normalized as tT{pi{x)pj{x)} = ^6ij. This means that p[A^[x)] 
forms the Cartan subalgebra at each local point and p[A^[x)] is re¬ 
quired to be written as p[A^{x)] = VLcHVL^q with a suitable Vtc[A^{x)] G 
SU(iV,). 

(4) When the gluonic Higgs held p[A^[x)] is diagonalized by the SU(W) 
gauge transformation, the diagonal gluon component A^{x) is required 
to provide the relevant abelian submanifold, which corresponds to the 
abelian projected QCD in the MA gauge. 

Inspired from the argument of the GMA gauge, the gluonic Higgs held 0D[A^(a;)] 
satisfying the above requirements is found as 

Pd[A^,{x)] s.t. Min^(^)g^R^[A^(a;)] (81) 

= / d^xii[Di,,p{x)]^[Di,,p{x)P 

where Min^^^^g(^F[0(a;)] means the minimization of F[0(a;)] by taking a suit¬ 
able p{x) G C. Here, C denotes the set of the Cartan-frame held p{x) in¬ 
troduced in section 3.3, and p{x) can be described as p{x) = with 

Dc(a:) e SU(W). 

The gluonic Higgs held ^^[A^ G su{Nc) in Eq.(82) is determined directly from 
the gluon conhguration A^{x), without the notion of the gauge hxing. From 
Eq.(82), the gluonic Higgs held 0o[A^(a;)] is interpreted as the local ‘color- 
direction’ averaged over the four SU(Ac) covariant derivatives and is a 
complicated function of the gluon held A^lx). The local form of the dehnition 
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of 0£)[A^(a;)] is obtained from the extremum condition of R^[A^[x)] on 0(a;) 
as 


[-Dj, [£l„, feW]]] = 0. 


( 82 ) 


Hence, (1)d[A^{x)] is derived from as the solution of the eigenvalue equation, 


[^l, [D^, (pDj{x)]] = Xj{x)(j)Dj{x), ( 83 ) 

where the eigenvalue Xj{x) is non-negative due to l)! = —and satishes 

R$JA,{x)] = lJd^xEf=I^X,{x). 

As a relevant property, 4>d{x) obeys the adjoint transformation 

(j)D[A^{x)] {(j)D[A^{x)])^ = V{x)(j)D[Af,{x)]V^{x) ( 84 ) 

by the SU(iVc) gauge transformation with V G SU(iVc). In fact, R^^[A^] is 
transformed as 


^ = / d‘xb{[VD^V',?l]'lVl)^V',^„]) ( 85 ) 

= J d*x tr ([B„ V^f'oVno,, V^f^oV]) , 

and {R,f>Y is minimized for 0)) = H(a;)0o(a;)Hi(a;), whose uniqueness can be 
proved by considering the inhnite product of the inhnitesimal gauge transfor¬ 
mation. In particular, (poix) is U(l)^““^ gauge invariant, because oiuj^{x)(l)]:){x)u'^^{x) 

Pd{x) with ijj^{x) = ^ U(l)^““^ 

The gluonic Higgs held 0D[A^(a;)] is introduced to indicate the color-direction 
to be projected and to extract the abelian gauge manifold. In this respect, 
(Pd[A^{x)\ plays the similar role to the Higgs held in the NAH theory, although 
there are two following diherences. 

(1) (I)d[A^{x)] is a composite held of the gluon A^{x), and is not an elemen¬ 
tary degrees of freedom. 

(2) 0/)[A^(a;)] only has the color-direction degrees of freedom and does not 
have the amplitude degrees of freedom. 

Now, we consider the projection of the operator 0{x) to 0o-direction. In the 
continuum QCD, interesting operators consist of the derivative operator and 
the Lie algebra, which are described by the inhnitesimal transformation of the 
corresponding group elements, and therefore they are to be expressed with the 
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commutation relation. Using the commutation relation with the gluonic Higgs 
held we dehne 0 £)-projection of the local inhnitesimal operator 

0(x) as 


d'^(x) = d(x) - [(fnix), [(fnix), 0(a;)]], (86) 

which is a generalized version of Eq.(54). When 0{x) does not include the 
derivative operator (9^, this dehnition is trivial as 0‘^{x) = 2ti{0{x)(j)D{x)} ■ 
^ d { x ) for 0{x) = 0°'{x)T°- G su{Nc). 

The construction of the relevant abelian gauge submanifold in QCD is per¬ 
formed with (;/)£)-projection of the SU(iVc) covariant derivative operator = 

df, + ieAf,, 

^ (87) 

with Afi^i^x) = 2ti{A^[x)(l)D{x)} ■ (f>D{x). Here, the nontrivial term [(pn,9^4)0] 
appears in owing to the x-dependence of the Cartan-frame held (j)£,{x). It 
is to be noted that [0 _d,i9^0_d] does not include 00 -component as 


tr (0oi(a:)[0o(a:),i9^0D(a:)]) = tr (i9^0o(a:)[0oi(a:), 0 D(a:)]) = 0 . ( 88 ) 


In this formalism, the abelian projection is dehned by the replacement of 
by Accordingly, the abelian-projected gluon A’^^x) is dehned as the 
diherence between and 

= 4) = ^i{x) -t- - [$D{x),d^$D{x)] e su(w), (89) 

and the abelian projection is expressed by the mapping of A^{x) A'j^ix). It is 
remarkable that A’^^x) includes both the 0 o-component A^{x) = 2 tr(A^(a;) 0 o(a^))- 
(t>D{x) and the non-0o-component ^[0o(a^),'9/i0o(a^)]- The abelian gauge held 
is dehned by the 0 o-component of Af^{x), 


Al{x) = 2tr(Aj(a;)0o(a:)) = 2tr(Aj(a;)0D(a:)). (90) 

Here, is the image of A^{x) projected into the U(l)^““^ gauge manifold, 
and corresponds to the photon held in the NAH theory. 
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As for the gauge symmetry, both A^{x) and A^{x) surely behave as the abelian 
gauge field under the abelian gauge-transformation by uj^{x) = 

^i$d{x)-x{x) ^ A^(a;) is gauge-transformed as 

A^ix) {Al^{x)Y = 2ii{A^^{x)$^jj{x)) = 2ti{u{A^{x) + ^d^}u\x) ■ $d{x)) 

- 2 

= 2tr(A^(a;)0D(a:)) + -iI{^^,{xi{x)(|)Di{x)) • 

= Al{x) + ^d^x{x), ( 91 ) 

where we have used 

ii{d^(t)Di{x)(t)Dj{x)}=ii{df,{VLcHAl^c) ' 

= + d^^l^lcH.Hi) = 0 . ( 92 ) 

Then, A^{x) is gauge-transformed as 

At,{x) {A^^{x)Y = Al{x) + -^d^Xf.Y) ■ $d{x). ( 93 ) 


Next, we stndy the abelian held strength and the monopole cnrrent. The 
abelian held-strength matrix is dehned as 



^C- 

= d,M(x) - d^A^ix) + se|i*(i), ij(x)], 


( 94 ) 


which generally inclndes the non-0£)-component as well as A^(a;). The (po- 
component of F^^x) is fhe image of F'^^x) projected into the U(l)^““^ gange 
manifold, and is observed as the ‘real abelian held-strength’ in the abelian- 
projected gange theory. The explicit form of F'jpYx) is derived as 


Ftu{x) = 2tr (fJPYx)$d{x)) 

= dfxAf{x) - d^Af^{x) + —tr{(j)D{x)[dfx4>Di{x), d^4>Di{x)]) ( 95 ) 

= di^Atix) - d^Af^ix) + ^fabc(pDdfx(pDA(pDi, ( 96 ) 

where the last term breaks the abelian Bianchi identity and provides the 
monopole current. The magnetic monopole current is derived as 
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(97) 


kiix) = d“'F*^(x) = 

which is the topological current induced by (1)d[A^{x)]. Hence, the monopole 
appears from the center of the hedgehog configuration of 0D[H^(a;)] as shown 
in Fig.2 in the SU(2) case. 

The gluonic Higgs field 0D[H^(a;)] in QCD plays the similar role to the Higgs 
field in the NAH theory on the extraction of the abelian gauge manifold and 
the appearance of the monopole current. In principle, the abelian projection 
can be performed in QCD in the gauge-covariant manner using the gluonic 
Higgs field 0D[A^(a;)] without the notion of the gauge fixing. 


5.2 Relation among the Gluonic Higgs Field, the MA Gauge Function and 
Monopoles 


In this subsection, we consider the correspondence among the gluonic Higgs 
field 0^[A^(a;)] and the MA gauge function r2MA[^At(a^)] ^ G/H, and QCD- 
monopoles. As the relation between Dma and (pn, the minimization condition 
for Rg[A^{x)] by the gauge degrees of freedom can be equivalently rewritten 
into the minimization of R^[A^{x)] in terms of (p{x) G C. Then, the gluonic 

Higgs field (l)r)[A^[x)] G C directly corresponds to the MA gauge function 
^MA(a^) ^ G/H as 


$d{x) = (98) 

Then, if the MA gauge is uniquely determined beside WeylfJ^^^'^*, 

0D[A^(a;)] is also uniquely determined beside the global Weyl symmetry, be¬ 
cause of the 11(1)'^=“^ gauge invariance of 0^[A^(a;)]. 

Also from Eq.(98), we can derive the adjoint gauge-transformation property 
of the gluonic Higgs field 0i:)[A^(a;)] again. In the arbitrary SU(Ai"c) gauge 
transformation with V{x) G SU(Ai"c), the MA gauge function Dma G G/H 
obeys the nonlinear gauge transformation as 

f^MA(a:) ^ ^ma(2^) = d'^{x)GtMA{x)V\x). (99) 

Here, dX {x) G H appears so as to keep ^^^(a;) belonging to the coset space 
G/H, i.e., ^ G/H. Then, (Pd{x) is transformed by V{x) G SU(Ai);) as 

= ^MA^^MA = vnlj,d^^Hd^nMAV^ = V$dV\ (100) 
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which is nothing but the SU(iVc) adjoint gauge transformation. 

Here, we consider the singularity relating to the monopole appearing in the 
abelian gauge manifold of QCD. In a suitable gauge like the Landau gauge, 
the gluon field can be taken as a regular field, however, the gluonic Higgs 
field 0^:1 [H^(a;)] generally includes the singularity like the hedgehog config¬ 
uration as shown in Fig.2 (b), and therefore the relevant abelian manifold 
described by holds the monopole singularity at the hedgehog cen¬ 

ter of (f>D{x). On the other hand, in the MA gauge, the gluonic Higgs field 
(1>d[A^{x)] is arranged into Lf-direction by the SU(A"c) gauge transformation 
like the unitary gauge in the NAH theory. Then, = 

H becomes trivially regular as shown in Fig.2(a). Instead, the gluon field 
A«Hx) = (x) includes the singularity as monopoles in 

the abelian sector. Such a movement of the singularity from the Higgs field 
to the gauge field is also seen during the unitary gauge fixing around the 
’t Hooft-Polyakov monopole in the NAH theory. 

Now, we examine the local correlation between the monopole current and the 
gluonic Higgs field (l)D[Afj,{x)] in the SU(2) lattice simulation. In the lattice 
QCD simulation, the gluon configuration generated on the lattice is far from 
the continuous field, because of the random appearance of the gauge degrees 
of freedom on each cite. On the other hand, to see the topology of 0D[A^(a;)], 
the gluon field A^(a;) is desired to be continuous, because discontinuity of 
A^{x) as the lattice artifact inevitably breaks the continuity of 4>d{x) via 
Eq.(82) and provides ‘fake singularities’ of (j)r,{x). Then, we remove unphysical 
discontinuity on the gauge degrees of freedom from the lattice-QCD gluon 
configuration by a suitable gauge transformation. To this end, we impose the 
SU(A^c) Landau gauge fixing[46], which is defined by maximizing 


Rl[U,] = Re = N.ReY^Ulis) (101) 

S,/i S,/i 

using the SU(Ai);) gauge transformation. In the SU(Ai"c) Landau gauge, all 
the gluon components on the lattice become mostly continuous owing to the 
suppression of their fluctuation around R^(<s) = 1. In the continuum limit, this 
gauge-fixing condition coincides the ordinary SU {Nc) Landau gauge condition, 
= 0. Thus, we first prepare the continuous gluon configuration by the 
SU(2) Landau gauge fixing, and then the MA gauge fixing is performed by the 
MA gauge function The gluonic Higgs field (pnix) is also obtained 

using Eq.(98). 

We show in Fig.lO the local correlation between the gluonic Higgs field (1>d[U^{s)] 
and the monopole in the MA gauge in the SU(2) lattice QCD with (3=2.4 and 
16^^. The gluonic Higgs field (t>D{s) = (;/)^(s)T“ is expressed by the arrows 
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(0D) 0D) 0i)) ill i'hs SU(2) internal space. The tendency of the local correspon¬ 
dence is found between the hedgehog conhguration of the gluonic Higgs field 
(f>D{x) and the monopole in the MA gauge. 

Finally, we consider the physical meaning of the gluonic Higgs held 
and relevant abelian manifold embedded in QCD. Here, the gluonic Higgs held 
4>d[A^{x)] can be obtained in the gauge-covariant manner using Eq.(98) from 
the gluon held A^{x) in QCD, and the abelian projection can be performed 
with (f)D{x) without the notion of the gauge hxing. Physically, (1)d[A^{x)] means 
the local color-direction which is determined so as to minimize the diherence 
between the SU(Ac) gauge connection and the abelian gauge connection 
along (j)£,{x). In terms of the maximal similarity of with the gluonic 
Higgs held indicates a relevant color-direction peculiar to the gluon 

held Afj_{x), and the projection into the color-direction (f)D{x) provides the 
extraction of a relevant abelian gauge manifold embedded in QCD in the 
gauge-covariant manner. 

Since the gluonic Higgs held (1)d[A^{x)] obeys the adjoint gauge transforma¬ 
tion, it has the direct similarity to the Higgs held in the NAH theory. Several 
parallel arguments to the NAH theory are applicable for abelian-projected 
QCD in terms of (j)r,[Afj^{x)] on the extraction of the abelian gauge manifold 
and appearance of the monopole from the hedgehog conhguration. In terms 
of the ‘gluonic Higgs theory’ with the MA gauge hxing directly corre¬ 

sponds to the unitary gauge hxing in the NAH theory. In particular, abelian 
dominance in the MA gauge observed in the lattice QCD indicates that only 
the ^D-component gluon remains at the long-distance scale like the photon 
held in the NAH theory, and the other gluon component perpendicular to (pn 
becomes infrared-irrelevant like the charged massive vector held in the NAH 
theory. In other words, the abelian gauge submanifold projected to <Pd[A^{x)] 
in QCD is considered to hold essence of the whole nonabelian gauge manifold 
in the infrared region. 


6 Summary and Concluding Remarks 


On the basis of the dual Higgs picture for conhnement, we have studied the 
properties of monopoles and gluon helds in QCD in the maximally abelian 
(MA) gauge both in the analytical framework and in the lattice QCD cal¬ 
culation. In the dual Higgs theory, color conhnement is realized by the one¬ 
dimensional squeezing of the color-electric hux in the QCD vacuum through 
the dual Meissner ehect caused by monopole condensation. The extraction of 
the abelian gauge theory and the appearance of monopoles in QCD can be car¬ 
ried out by taking the’t Hooft abelian gauge, which is dehned by diagonalizing 
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the ‘gluonic Higgs field’ 0[H^(a;) . 


In the abelian gauge, SU(iVc) gauge theory is reduced into gauge the¬ 

ory including the monopole, which topologically appears corresponding to the 
nontrivial homotopy group, n 2 (SU(iVc)/U(l)^‘'“^) = In the abelian 

gauge, the diagonal gluon component behaves as the gauge field, 

while the off-diagonal gluon behaves as the charged matter field in terms of 
the residual gauge symmetry. For (l)[A^[x)] obeying the adjoint gauge trans¬ 
formation, the hedgehog configuration of (l)[A^{x)] leads to the unit-charge 
magnetic monopole. In the abelian gauge, multi-charge monopoles do not ap¬ 
pear in in general cases, because of the over condition. 

Using the gauge-connect ion formalism, the appearance of the Dirac string and 
the monopole has been studied in relation with the SU(iVc) singular gauge 
transformation. The appearance of the Dirac string is originated from the 
multi-valuedness of the gauge function D(a;), which leads to the divergence 
of In the singular SU(2) gauge transformation, the multi-valued point 

of D(a;) terminates at the hedgehog center of (l)[A^[x)], which leads to the 
appearance of the monopole. We have shown the relevant role of off-diagonal 
gluons for the appearance of monopoles. 

The maximally abelian (MA) gauge has been well formulated in terms of 
the gauge connection. To remove the explicit use of the specific direction as 
H, we have formulated the generalized maximally abelian (GMA) gauge by 
introducing the Cartan-frame field 4>{x), which is the local Cartan sub-algebra 
defined at each point. The generalization of the abelian projection has been 
defined based on the commutation relation. We have investigated the gauge- 
transformation properties of the GMA gauge function Dqma, and have derived 
the criterion on the SU(A'"c) gauge invariance for the variable 
defined in the GMA gauge. This criterion is also applicable for the MA gauge. 

We have studied the gluon-field properties around the monopole in QGD in 
the MA gauge in terms of the field strength and the action density both in 
the analytical consideration and in the lattice QGD simulation. The monopole 
provides large field fluctuations in the abelian sector: both the abelian gauge 
field and the abelian action density are largely fluctuated around monopoles. 
The large fluctuation of off-diagonal gluons has been also found around the 
monopole in the MA gauge, and the off-diagonal rich region indicates the 
effective size and the structure of monopoles, which is similar to the’t Hooft- 
Polyakov monopole. Since the instanton needs the full SU(2) structure, it is 
expected to appear in the off-diagonal rich region around the monopole in 
the MA gauge, which leads to the local correlation between monopoles and 
instantons. We have found the large cancellation between abelian part and the 
off-diagonal part of the action in the MA gauge. Owing to this cancellation, 
the monopole can appear in the abelian sector in QGD without large cost 
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of the QCD action, although existence of monopoles inevitably enlarges the 
abelian action. In other words, the off-diagonal gluon is necessary for existence 
of the monopole in the short-distance scale, and the effective monopole size 
relating to the off-diagonal gluon can be regarded as the critical scale of the 
abelian projected QCD, in the similar sense of the correspondence between 
the GUT monopole size and the GUT scale. 

Finally, the abelian projection in QCD has been formulated without the no¬ 
tion of gauge hxing in the similar manner to the extraction of the photon 
held in the nonabelian Higgs theory, by introducing the ‘gluonic Higgs held’ 
dehned from the gluon held. Here, the color-direction (l)r)[A^[x)] 
is determined so as to minimize the diherence between the SU(iVc) gauge 
connection and the projected abelian gauge connection along 0D[H^(a;)]. The 
gluonic Higgs held obeys the adjoint transformation by the SU(iVc) 

gauge transformation, and the monopole current appears at the center of the 
hedgehog conhguration of (1)d[A^{x)] in the SU(2) case. 
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Fig. 1. Comparison among QCD, abelian projected QCD (AP-QCD) and QED in 
terms of the gauge symmetry and essential degrees of freedom. 

Fig. 2. Topological structure of the gluonic Higgs field (/>[yl^(x)] in the abelian 
gauge fixing in the SU(2) QCD. In the abelian gauge, the monopole appears at the 
singular point of (f>{x) = <f)/\<f)\ with \(j)\ = (a) For the regular (trivial) 

configuration of 4>[Afj^(x)], no monopole appears in the abelian gauge, (b) For the 
hedgehog configuration of (j)[A^{x)], the unit-charge monopole appears in the abelian 
gauge. 

Fig. 3. Appearance of monopoles in abelian projected QCD(AP-QCD). After the 
abelian gauge fixing, monopole with the Dirac string appears from in Eq.(19) 

and the ‘anti-Dirac string’ appears in the singular part The off-diagonal con¬ 
tribution = ie[A^, A,y] forms the anti-monopole configuration and compen¬ 

sates to the singularity of the other parts. As the result, the monopole without the 
Dirac string appears in the abelian field strength in AP-QCD. 

Pig. 4. The (static) monopole defined on the dual lattice is equivalent to the to¬ 
tal magnetic flux of the Dirac string, and therefore the magnetic charge of the 
QCD-monopole is quantized. 

Pig. 5. The typical example of the 3-dimensional time-slice of the monopole current 
in the MA gauge in the lattice QCD with (3 = 2.4 on 16^. 

Pig. 6. The solid curve denotes the probability distribution Pd^^l) of the averaged 
abelian angle variable |0^(s,/i)| around the monopole current in the MA gauge 
with the U(l )3 Landau gauge fixing. Here, |(9^(s,/i)| is the average of |0^(s)| over 
the neighboring links around the dual link, and data are obtained from the SU(2) 
lattice QCD with f3 = 2.4 and 16^. Por comparison, the total distribution P on 
the whole lattice is also added by the dashed curve. Around the monopole, 
corresponding to the abelian gluon component takes a large value. 

Pig. 7. (a) The solid curve denotes the probability distribution P(.RAbei) of the 

averaged abelian projection rate Rxhe\{s-,(j) around the monopole current in the 
MA gauge in the SU(2) lattice QCD with (3 = 2.4 on 16^. Por comparison, the total 
distribution P on the whole lattice is also added by the dashed curve, (b) The solid 
curve denotes abelian projection rate (.RAbei) around the monopole current in the 
MA gauge as the function of (3. The dashed curve denotes (.RAbei) on the whole 
lattice. 

Pig. 8. (a) The probability distribution P{S) of density S{s, fi) on the whole lattice 
in the MA gauge at (3 = 2.4 on 16^ lattice. (b)The probability distribution Pk{S) 
of the action density S{s,fi) around the monopole current /c^. The dotted and the 
solid curves denote R(5®^(^)) and P{S^'°*^^), respectively. The dashed curve denotes 
R(S°®) for the off-diagonal part 5°® of the action density. 
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Fig. 9. The action density as the function of (3 in the MA gauge in the SU(2) lattice 
QCD. The closed symbols denote the action densities {S) around the monopole 
current, while the open symbols denote those on the whole lattice. The square, 
circle and rhombus denote and (5°®), respectively. The monopole 

accompanies a large U(l )3 plaquette action, however, such a large U(l )3 action is 
strongly canceled by the off-diagonal part. 


Fig. 10. The local correlation between the gluonic Higgs field i^D[A^(a:)] and the 
monopole in the MA gauge in the SU(2) lattice QCD with f3 = 2.4 and 16*^. The 
gluonic Higgs field (/>d[A^(x)] = on a 2-dimensional plane is expressed by the 

arrow, which denotes its color-direction in the SU(2) internal space. 
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